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1. INTRODUCTION
$\mathrm{G}$ $F$ reductive group , $\mathrm{H}$ $F$
$\mathrm{G}$ . , $G=\mathrm{G}(F)$ $(\pi, V_{\pi})$
$v,$ $v’\in V_{\pi}$
(1.1) $\int_{H}(\pi(h)v, v’)dh$
. , , $\pi$
$L$-factor $\epsilon$-factor . ,
- , $\mathrm{G}=SO(n+1)\cross SO(n),$ $\mathrm{H}=SO(n)$




, $\mathrm{G}=\mathrm{H}\cross \mathrm{H}$ $\mathrm{H}$ . ,
$\pi_{H}$ $H$ square integrable , $\check{\pi}_{H}$ .
, $\pi=\pi_{H}$ $\check{\pi}_{H}$ , (1.1) $\pi_{H}$ formal degree
. (1.1) $L$-factor $\epsilon$-factor
, formal degree $L$-factor $\epsilon$-factor
. , , formal degree
es adjoint $\gamma$-factor
$\gamma$ ( $s,$ $\pi_{H}$ , Ad, $\psi$ ) $=\epsilon$ ( $s,$ $\pi_{H}$ , Ad, $\psi$ ) $\cdot\frac{L(1-s,\check{\pi}_{H},\mathrm{A}\mathrm{d})}{L(s,\pi_{H},\mathrm{A}\mathrm{d})}$
( , $\psi$ $F$
, Ad $LH$ Lie Lie $(\hat{H})$ adjoint
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( $H$ $\mathrm{H}$ $\mathrm{L}$- $\hat{H}$ $\mathrm{H}$ dual grouP) $)$ . ,
Langlands Plancherel measure formal degree
, formal degree
. $F=\mathrm{R}$ $H$
, Weyl formal degree
, Weyl , $\mathrm{t}\mathrm{y}$-factor
.
, \S 2 formal degree (Conjecture 2.1)
. Langlands conjecture . \S 3 , Conjecture 2.1
. ( , Langlands
, ). \S 4 $U(3)$ stable square integrable
Conjecture 2.1 ( [HII]
). , twisted endoscopy intertwining operator
. Twisted endoscopy $U(3)$ ,
.
2. FORMAL DEGREE
$F$ $0$ $\psi$ $F$
. $F$ , $F$ $\mathit{0}_{F}$ , $0_{F}$
$\mathfrak{p}_{F}$ . , $q_{F}=|0_{F}/\mathfrak{p}_{F}|$ . $F$
$\mathrm{G}\mathrm{a}1(\overline{F}/F)$ $\Gamma$ , $F$ Weil $W_{F}$ , $F$
Langlands $\text{ }L_{F}\mathrm{g}$
$L_{F}=$
. , $\mathrm{G}$ $F$ reductive group , $\eta$ : $\mathrm{G}arrow \mathrm{G}^{*}$
$\mathrm{G}$ quasi-split inner form $\mathrm{G}^{*}$ inner twist , $\mathrm{G}$
dual $\hat{G}$ , $LG=\hat{G}\aleph Wp$ L- .
, $(\pi, V_{\pi})$ $G=\mathrm{G}(F)$ square integrable , $(\cdot, \cdot)$
$V_{\pi}$ $G$- $-$ , $\pi$ formal degree
$d(\pi)$ .
$\int_{G/A}(\pi(g)u, u’)\overline{(\pi(g)v,v’)}dg=d(\pi)^{-1}(u, v)\overline{(u’,v’)}$, $u,u’,v,v’\in V_{\pi}$ .
, A $\mathrm{G}$ split torus $A=\mathrm{A}(F)$
. Formal degree $d(\pi)$ Haar measure $dg$
, Haar measure $d(\pi, dg)$ .
Formal degree Haar measure $X$ – , $\gamma$-factor $F$
$\psi$ , Haar measure $\psi$
, .
, square integrable , $\mathrm{G}/\mathrm{A}$
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anisotropic maximal torus .
, Gross $[\mathrm{G}\mathrm{r}97\mathrm{a}, \S 4, \S 7]$ , $\mathrm{G}/\mathrm{A}$ $\dim \mathrm{G}/\mathrm{A}$ $F$
$\omega_{\mathrm{G}/\mathrm{A}}$ . $\omega_{\mathrm{G}/\mathrm{A}}$
$G/A$ Haar measure , $F$
Haar measure , $\psi$ $F$ self-dual Haar
measure , $G/A$ Haar measure $\mu \mathrm{G}/\mathrm{A},\psi$




(2.1) $d(\pi, \mu_{\mathrm{G}/\mathrm{A},\psi_{a}})=|a|_{F}^{-\frac{\dim \mathrm{G}/\mathrm{A}}{2}}$ . $d(\pi, \mu_{\mathrm{G}/\mathrm{A},\psi})$
.
, tempered local Langlands conjecture
. $\Pi(G)$ $G$
. Langlands Langlands parameter $\phi:L_{F}arrow LG$ $\text{ }$ , $\Pi(G)$
$\Pi_{\phi}(G)$ . , $L$-factor
$\epsilon$-factor , , $\phi$ tempered (i.e.
$\phi(W_{F})$ bounded) $\Pi_{\phi}(G)$ tempered
, $\phi$ S tempered elliptic $\mathrm{I}\mathrm{I}_{\phi}(G)$




. , $a_{s}$ $W_{F}$ $Z(\hat{G})$ trivial 1-cocycle ,
$\hat{G}_{sc}$ es $\hat{G}\text{ }$ derived group $\text{ }$ simply connected covering group $\text{ }$
. , $Z_{\phi}$ $Z(\hat{G}_{s\mathrm{c}})$ $S_{\phi}$ , $Z_{\phi,\Gamma}$ $Z(\hat{G}_{sc})^{\Gamma}$ $S_{\phi}$
. ( , $()^{\Gamma}$ \Gamma - ).
$\mathrm{G}$ $\mathrm{G}^{*}$ inner form , $H^{1}(F, \mathrm{G}_{ad}^{*})$ class . ,
Kottwitz
$H^{1}(F, \mathrm{G}_{ad}^{*})arrow\pi_{0}(Z(\hat{G}_{sc})^{\Gamma})^{D}$
( , ( ) Pontrjagin dual ) $Z_{\phi,\Gamma}$ 1
$\chi \mathrm{c}$ . , $\chi_{\mathrm{G}}$ $\mathcal{Z}_{\phi}$ 1
, $\chi_{\mathrm{G}}$ . , $\Pi(S_{\phi}, \chi_{\mathrm{G}})$
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. , – , $\pi$
$S_{\phi}$ $\rho_{\pi}$ – .
$\rho_{\pi}$
$\langle 1, \pi\rangle$ .




. , Ad $LG$ Lie $(\hat{G})/\mathrm{L}\mathrm{i}\mathrm{e}(Z(\hat{G})^{\Gamma})$ adjoint
,
$\gamma$ ( $s,\pi$ , Ad, $\psi$ ) $=\epsilon$( $s,$ $\pi$ , Ad, $\psi$ ) $\cdot\frac{L(1-s,\check{\pi},\mathrm{A}\mathrm{d})}{L(s,\pi,\mathrm{A}\mathrm{d})}$
( , $\check{\pi}$ $\pi$ ) .
formal degree .
Conjecture 2.1 ( ). $\phi$ tempered elliptic Langlands pa-
rameter , $\pi\in\Pi_{\phi}(G)$
$d( \pi)=\frac{\langle 1,\pi\rangle}{|S_{\phi}^{\mathfrak{h}}|}$
. (0, $\pi$ , Ad, $\psi$ ) $|$
.
Remark 2.2. $\phi$ elliptic , Ad $0\phi$ trivial .
, $\gamma$-factor $\gamma$ ( $s$ , Ad $\circ\phi,$ $\psi$ ) $s=0$ .
Conjecture 2.1 Plancherel measure Langlands
formal degree Conjecture
2.1 Pltcherel measure . $\mathrm{G}$ split torus
$\mathrm{A}_{0}$ . $\mathrm{P}$ $\mathrm{A}_{0}$ parabolic , $\mathrm{P}$ , $\mathrm{A}_{0}$
Levi $\mathrm{M}$ unipotent radical $\mathrm{N}$ .
, $M$ square integrable $E_{2}(M)$ ,
$M$ 1 ${\rm Im} X(M)$ . ,
$\Theta=\{(\mathfrak{Q}, \mathrm{P}=\mathrm{M}\mathrm{N})\}$ $\mathrm{A}_{0}$
$\mathrm{P}$ $E_{2}(M)$ ${\rm Im} X(M)-$
orbit $\iota\supset$ , $(\mathrm{D}, \mathrm{P})\in \mathrm{O}-,$ $\pi\in \mathrm{D}$ .
$\phi_{M}$ : $L_{F}arrow LM$ $\pi$ (conjectural) Langlands parameter
, $r_{M}$ $LM$ Lie $(\hat{G})/\mathrm{L}\mathrm{i}\mathrm{e}(Z(\hat{M})^{\Gamma})$ adjoint . ,
$d \nu(\pi)=\frac{\langle 1,\pi\rangle}{|S_{\phi_{NI}}^{\mathfrak{y}}|}\cdot|\gamma(0, \pi, r_{M}, \psi)|\cdot d\pi$
. , $d\pi$ $\mathrm{O}$ Lebesgue measure (
[$\mathrm{W}\mathrm{a}03,$ $\mathrm{p}\mathrm{p}.239$ and 302] ) , Conjecture 2.1
, Plancherel formula .
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Conjecture 2.3.
$f(1)= \sum_{(\mathfrak{d},\mathrm{P}=\mathrm{M}\mathrm{N})\in\ominus}c_{M}\int_{\mathfrak{Q}}$trace $\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{G}(\pi)(f)d\nu(\pi)$ , $f\in C_{c}^{\infty}(G)$ .
, $c_{M}\in \mathbb{R}_{>0}$ $D$ $\mathrm{M}$ . ($\int \mathrm{W}\mathrm{a}03]$
).
3. EXAMPLES
Conjecture 2.1 ( , [HII,
\S \S 2,3] ) , Conjecture 2.1
, $\gamma$-factor .
$F=\mathrm{R}\text{ }G$ es compact
Conjecture 2.1 Weyl $G$ .
$F$ p\tilde .
$\mathrm{G}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}\text{ }\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{r}$
-Zink [SZ96, Zi93] .
$\mathrm{G}\dot{>}\mathrm{i}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{m}\text{ },GL_{n}\text{ }\mathrm{i}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{r}$
form , [ [HS]
.
$, \frac{}\pi\pi\mathrm{B}\text{ }>\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}\text{ }{\mathrm{B}\mathrm{o}\mathrm{r}\mathrm{e}1[\mathrm{B}\mathrm{o}76]\text{ }}$
$\pi$ formal degree Kottwitz [Ko88] $k$
Gross $[\mathrm{G}\mathrm{r}97\mathrm{a}, \mathrm{G}\mathrm{r}97\mathrm{b}]$ .
$\mathrm{G}\text{ }\mathrm{a}\mathrm{d}\mathrm{j}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{r}$
[${\rm Re}$ ]s ,
$\phi$
$\mathrm{G}\text{ }\mathbb{R}\text{ }\mathrm{G}^{*}\mathrm{e}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}$ Rp]u\emptyset re foGrmros [G\mbox{\boldmath $\phi$}r at]a e .
4. $U(3)$
, ( , - -
[HII] ).
Theorem 4.1. $F$ $p$ - $\mathrm{H}=U(3)$ $F$ 3
. , $\pi_{H}$ $H$ stable square integrable
,
$d( \pi_{H})=\frac{1}{2}\cdot|\gamma$ ( $0,$ $\pi_{H}$ , Ad, $\psi$ ) $|$
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. , Conjecture 2.1 .
, twisted endoscopy . $E$ $F$ 2
, $U(3)$ $E$ split . $\mathrm{G}={\rm Res}_{E/F}GL(3)$ ,
$\mathrm{G}\mathrm{a}1(E/F)$ non-trivial $\sigma$ $\mathrm{G}$ $F$




, $\mathrm{G}$ $F$ $\theta$
$\theta(g)=\mathrm{A}\mathrm{d}(J)(\sigma(^{t}g^{-1}))$ , $g\in \mathrm{G}$ ,
. , $\hat{G}=GL(3, \mathbb{C})\cross GL(3, \mathbb{C})$ $W_{F}$
$(g_{1}, g_{2})rightarrow$ $\mathrm{i}\mathrm{f}w\in W_{E}\mathrm{i}\mathrm{f}w\not\in W_{E}’$
,
, $LG=\hat{c}_{\rangle}\triangleleft W_{F}$ . , $\hat{H}=GL(3, \mathbb{C})$ $W_{F}$
$h\mapsto$
$LH=\hat{H}nW_{F}$ . , $\xi$ : $LHarrow LG$
$\xi(h\aleph w)=(h, \mathrm{A}\mathrm{d}(J)(^{t}h^{-1}))\aleph w$
, $(\mathrm{H}, LH, 1, \xi)$ $(\mathrm{G}, \theta)$ endoscopic data .
, $r$ $LG$ $\mathbb{C}^{3}\otimes \mathbb{C}^{3}$ Asai , $r’=r\otimes\omega_{E/F}$ ,
$r’\circ\xi$ $LH$ Lie $(\hat{H})$ adjoint Ad .
, $\phi_{H}$ : $L_{F}arrow LH$ $\phi_{H}$ Langlands parameter
, $\pi$ $\phi=\xi\circ\phi_{H}$ : $L_{F}arrow LG$ $G$ .
, $\pi_{H}$ stable , $\pi$ square integrable . ,
$\pi$
$\theta$- , intertwining operator $\pi(\theta):V_{\pi}arrow V_{\pi}$
$\pi(\theta)\pi(g)=\pi(\theta(g))\pi(\theta)$ , $g\in G$ ,
$\pi(\theta)^{2}=\mathrm{i}\mathrm{d}$ ,
. , $v$ , v/\in V , $\pi$ matrix
coefficient $f\mathrm{g}$
$f(g)=(\pi(g)v, v’)$ , $g\in G$ ,
. , Schur orthogonality relation , strongly
$\theta$-regular $\theta$-semisimple $\theta$-elliptic $\gamma$ ,
(4.1) $J^{\theta}(\gamma, f)=d(\pi)^{-1}(v, \pi(\theta)v’)J^{\theta}(\pi, \gamma)$
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. , $J^{\theta}(\gamma, f)$ twisted orbital integral , $J^{\theta}(\pi, \gamma)$
twisted character .
, $J^{\theta}(\pi)$ 1 nilpotent orbital integral Fourier
– , nilpotent element $0$
$c_{0,\theta}(\pi)$ , $\tau$, character $J(\pi_{H})$ 1
nilpotent element $0$ $c_{0}(\pi_{H})$
. , $J^{\theta}(\gamma, f)$ 1 Shalika germ expansion
, (4.1) , homogeneity
(4.2) $(v, \pi(\theta)v’)\cdot c_{0,\theta}(\pi)=d(\pi)\cdot J^{\theta}(1, f)$
.
Theorem 4.2.
$|c_{0,\theta}(\pi)|=\mathrm{c}\cdot|\gamma(0, \pi, r’, \psi)|=c\cdot|\gamma$($0,$ $\pi_{H}$ , Ad, $\psi$) $|$
) $c\in \mathbb{R}_{>0}$ $\pi$ .
Remark 4.3. Henniart $[\mathrm{H}\mathrm{e}03]$ , Langlands-Shahidi $\gamma-$
factor $|\gamma_{LS}(s, \pi, r’, \psi)|$ $|\gamma(s, r’\circ\phi, \psi)|$ – .
Theorem 4.2 .
$c\#=U(6, F)=\{g\in GL(6, E)|gQ\sigma(^{t}g)=Q\}$
( , $Q=$ ). ,
$X=\{x\in \mathrm{M}\mathrm{a}\mathrm{t}_{3\mathrm{x}3}(E)|\mathrm{A}\mathrm{d}(J)(\sigma(^{t}x))=x\}$




$I(s,\pi)=\mathrm{I}\mathrm{n}\mathrm{d}c\# P\#(\pi\otimes|\det|_{E}^{2})s\sim$ , $s\in \mathbb{C}$
. , $M(s, w, \pi):I(s, \pi)arrow I(-s,w(\pi))$ $w=$
intertwining operator , $I(0, \pi)\mathrm{B}^{S\text{ }}$
, intertwining operator unitary operator
(Shahidi [Sh90]),
(4.3)
$|({\rm Res}_{s=0}M(s, w, \pi)\Psi(1), v’)|=|{\rm Res}_{s=0}\gamma(s, \pi, r, \psi)^{-1}(\Psi(1), \pi(\theta)v’)|$
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$\Psi\in I(s, \pi)$ . - , $\overline{N}^{\#}=wN\# w^{-1},$ $L=X\cap$
$\mathrm{M}\mathrm{a}\mathrm{t}_{3\mathrm{x}3}(0_{E})$ , $\Psi\in I(s, \pi)$ , $P\#\overline{N}^{\#}\iota’.P\#$ compact
,
$\Psi()=$
( $\Psi$ – ), Goldberg
[Go94] ,
(4.4) $({\rm Res}_{s=0}M(s, w, \pi)\Psi(1), v’)=c\cdot J^{\theta}(1, f)$
. , $c\in \mathbb{R}_{>0}$ $\pi$ . , $\pi$
Conjecture 2.1 , (4.2), (4.3), (4.4)
, , $\mathrm{b}\mathrm{a}\mathrm{n}_{H}^{G}J(\pi_{H})$ $H$ stable distribution $I(\pi_{H})$ $G$
distribution transfer ,
$J^{\theta}(\pi)=c\cdot \mathrm{R}\mathrm{a}\mathrm{n}_{H}^{G}J(\pi_{H})$
. ( , $c\in \mathbb{C}^{\mathrm{x}}$ $|c|$ $\phi_{H}$ ). ,
homogeneity $\mathrm{B}>\text{ }$
(4.5) $|c_{0,\theta}(\pi)|=|c|\cdot|c_{0}(\pi_{H})|$
. $H$ Steinberg $\pi_{H,0}$ , $|c_{\mathit{0}}( \pi_{H})|=\frac{d(\pi_{H})}{d(\pi_{H,0})}$
, $\pi_{H,0}$ Conjecture 2.1 , Theorem
4.2 (4.5)
$d( \pi_{H})=\frac{1}{2}\cdot|\gamma$( $0,\pi_{H}$ , Ad, $\psi$ ) $|$
.
Remark 4.4. Endoscopic transfer
, $\mathrm{H}=U(3)$ , , .
Remark 4.5. , $GL(n, F)$ .
, Silberger-Zink [SZ96, Zi93] . $([\mathrm{H}\mathrm{I}\mathrm{I}$ ,
\S 4] )
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